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Abstract
A language is regular if it can be recognized by a 0nite automaton. According to the pumping
lemma, every in0nite regular language contains a regular subset of the form uv+w, where u; v; w
are words and v is not empty. It is known that every regular language can be expressed as
(
⋃
i∈I uiv
+
i wi) ∪ F , where I is an index set, ui; wi ∈A∗; vi ∈A+; i∈ I and F is a 0nite set of
words over the alphabet A. This expression is called a regular component decomposition of
the language. A language is called regular component splittable if it can be expressed as a
disjoint union of regular components and a 0nite set. A language which has a regular component
decomposition with 0nite index is called a 0nite regular component representable language. It
has been shown that every 0nite regular component representable language is regular component
splittable by Shyr and Yu in (Discrete Appl. Math. 82 (1998) 219). They conjectured that every
regular language is regular component splittable in (Acta Math. Hung. 78(3) (1998) 251). The
conjecture is proved in this paper. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let A be a 0nite alphabet. Let A∗ be the free monoid generated by A and
A+ =A∗\{1}, where 1 is the empty word. The elements of A are called letters. The
 Project supported by the National Science Foundation of China (A 10071068).
∗ Corresponding author. Department of Mathematics, Taiyun Teacher’s College, Taiyuan, 030012, Shanxi,
China.
E-mail address: liuyaojun@km169.net (Y.J. Liu).
0304-3975/03/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0304 -3975(02)00064 -6
744 Y.J. Liu / Theoretical Computer Science 299 (2003) 743–749
elements of A∗ are called words. The subsets of A∗ are called languages. A word is a
primitive word if it is not empty and is not a power of any other word. A language C
is called a code if every word in C+ has a unique factorization in C. A submonoid U
of A∗ is free if U can be generated by a code. A language P is called a pre8x code
if P⊆A+ and P ∩PA+ = ∅. Each pre0x code is a code. A submonoid U of A+ is a
right unitary submonoid if U−1U ⊆U .
An automaton
ˆ
A over an alphabet A is a system (S; A; ; i; T ), where S is a nonempty
set of states; A is a 0nite alphabet;  is a subset of S ×A× S, which is called the set
of edges, such that for every state s and every letter a there exists at most one state
s′ such that (s; a; s′)∈ ; i in S is the initial state, and T ⊆ S is the set of terminal
states.
ˆ
A is a 8nite automaton if S is a 0nite set. A path c in the automaton
ˆ
A is a
sequence.
c = (s0; a1; s1)(s1; a2; s2) · · · (sk−1; ak ; sk); k ¿ 0
of consecutive edges. The state s0 is the origin of c and the state sk is the end of c. A
useful notation is c: s0→ sk . w= a1a2 · · · ak is the label of the path c. By convention,
there is, for each state s, a path from s to s. Its label is the empty word. A path
c: i→ t is successful if t ∈T . The language recognized by ˆA is de0ned as the set of
labels of successful paths of
ˆ
A. A language L is regular if L is recognized by a 0nite
automaton.
According to the pumping lemma, every in0nite regular language contains a reg-
ular subset of the form uv+w, where u; v; w are words and v is not empty. The
regular subsets of the above form are called regular components. It is known that
every regular language can be expressed as (
⋃
i∈I uiv
+
i wi) ∪ F , where I is an in-
dex set ui; wi ∈A∗; vi ∈A+; i∈ I and F is a 0nite set of words. This expression
is called a regular component decomposition of the language. A regular compo-
nent decomposition of a language is called disjoint if the union of it is disjoint.
A language is called regular component splittable if it can be expressed as a dis-
joint union of regular components and a 0nite set. Shyr and Yu have shown that
every regular language having a regular component decomposition with 0nite index
is regular component splittable in [5]. They conjectured that every regular language
is regular component splittable in [4]. The conjecture is proved in this
paper.
2. Disjoint regular component decomposition for regular languages
Lemma 2.1 (Berstel and Perrin [1, Proposition 3.1, Chapter 0]). Each nonempty word
is a power of a unique primitive word.
Lemma 2.2 (Berstel and Perrin [1, Proposition 2.4, Chapter 1]). A submonoid U of A∗
is free i< U−1U ∩UU−1⊆U .
Theorem 2.3. Each free submonoid U of A∗ is regular component splittable.
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Proof. If U = {1}, then the index set is empty and F = {1}. Thus U is regular com-
ponent splittable. If U is a free submonoid of A∗ and U = {1}, then U is an in0nite
language, especially U contains a nonempty word. Thus, I = {fn |f is primitive and n
is the smallest positive integer such that fn ∈U} is not empty. Since U is a submonoid
of A∗, it follows that(⋃
v∈I
v+
)
∪ {1} ⊆ U:
Conversely, if u∈U and u =1, then there exist a primitive word f and a positive inte-
ger n such that u=fn by Lemma 2.1. Let n0 be the smallest positive integer such that
fn0 ∈U , then fn0 ∈ I . By the division algorithm for integers, there exists nonnegative
integers q and r such that n= qn0 + r and 06r¡n0. From the fact that fn=(fn0 )qfr ,
and fn; (fn0 )q ∈U , we have fr ∈U−1U ∩UU−1. Since U is free it follows that
fr ∈U by Lemma 2.2. Thus r=0 by the choice of n0, and fn=(fn0 )q ∈ (fn0 )+, and
hence
U ⊆
(⋃
v∈I
v+
)
∪ {1}:
Therefore, U admits a regular component decomposition
U =
(⋃
v∈I
v+
)
∪ {1}:
It is clear that 1 =∈ v+ for every v∈ I ⊆A+. Assume that v+1 ∩ v+2 = ∅; v1; v2 ∈ I and
m1; m2 are positive integers such that v
m1
1 = v
m2
2 . Since v1; v2 ∈ I , we have primitive
words f1; f2 and positive integers n1; n2 such that v1 =f
n1
1 ; v2 =f
n2
2 and n1; n2 are the
smallest positive integers such that fn11 ; f
n2
2 ∈U . Then we have fn1m11 =fn2m22 , and
hence f1 =f2 by Lemma 2.1. Since n1; n2 are the least positive integers such that
fn11 =f
n2
2 ∈U , we must have n1 = n2. Thus v1 = v2 and hence v+1 = v+2 . It follows that
the above decomposition of U is disjoint and consequently U is regular component
splittable.
Theorem 2.4. If U1; U2; : : : ; Us are free submonoids of A∗; a1; a2; : : : ; as−1 are letters
such that
U1a1U2a2 · · ·Utat (16 t 6 s− 1)
are pre8x codes, then
L = U1a1U2a2 · · ·Us−1as−1Us
is regular component splittable.
Proof. The conclusion holds if s=1; 2 by Theorem 2.3. Assume that it holds for
s− 1(s¿ 3). Let
L = U1a1U2a2 · · ·Us−1as−1Us;
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where U1; U2; : : : ; Us are free submonoids of A∗; a1; a2; : : : ; as−1 are letters, and
U1a1U2a2 · · ·Utat (16 t 6 s− 1)
are pre0x codes. Thus
U2a2 · · ·Utat (26 t 6 s− 1)
are pre0x codes by the de0nition of pre0x code. By the inductive assumption,
U2a2 · · ·Us−1as−1Us is regular component splittable. Thus U2a2 · · ·Us−1as−1Us admits
a decomposition
U2a2 · · ·Us−1as−1Us =
(⋃
j∈J
ujv+j wj
)
∪ F;
where J is an index set, uj; wj ∈A∗; vj ∈A+; j∈ J , and F is a 0nite set of words,
such that ujv+j wj ∩ uj1v+j1wj1 = ∅ iJ ujv+j wj = uj1v+j1wj1 for j; j1 in J , and ujv+j wj ∩F = ∅
for j in J . By the proof of Theorem 2.3, U1 admits a disjoint regular component
decomposition
U1 =
(⋃
v∈I
v+
)
∪ {1};
where I = {fn |f is primitive and n is the smallest positive integer such that fn ∈U1}.
We can assume that I ∩ J = ∅. Consequently, we have
L=U1a1U2a2 · · ·Us−1as−1Us
=U1a1(U2a2 · · ·Us−1as−1Us)
=U1a1
[(⋃
j∈J
ujv+j wj
)
∪ F
]
=
(⋃
j∈J
U1a1ujv+j wj
)
∪ (U1a1F)
=
⋃
u∈U1 ;j∈J
(ua1ujv+j wj)
⋃[(⋃
v∈I
v+
)
∪ {1}
]
a1F
=
⋃
u∈U1 ;j∈J
(ua1ujv+j wj) ∪
(⋃
v∈I
v+a1F
)
∪ a1F
=
⋃
u∈U1 ;j∈J
(ua1ujv+j wj) ∪
( ⋃
v∈I;w∈F
v+a1w
)
∪ a1F:
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Since a1F is a 0nite set of words, it follows that
L =
⋃
u∈U1 ;j∈J
(ua1ujv+j wj) ∪
( ⋃
v∈I;w∈F
v+a1w
)
∪ a1F
is a regular component decomposition of L. Now we claim that the decomposition is
disjoint.
(i) If ua1uj1v
+
j1wj1 ∩ u′a1uj2v+j2wj2 = ∅, where u; u′ ∈U1; j1; j2 ∈ J , then there exist pos-
itive integers n1; n2 such that ua1uj1v
n1
j1 wj1 = u
′a1uj2v
n2
j2 wj2 . Since U1a1 is a pre0x code,
we have ua1 = u′a1; uj1v
n1
j1 wj1 = uj2v
n2
j2 wj2 , and hence uj1v
+
j1wj1 = uj2v
+
j2wj2 by the fact that
uj1v
+
j1wj1 ∩ uj2v+j2wj2 = ∅ iJ uj1v+j1wj1 = uj2v+j2wj2 . Thus ua1uj1v+j1wj1 = u′a1uj2v+j2wj2 .
(ii) If v+1 a1w1 ∩ v+2 a1w2 = ∅, where v1; v2 ∈ I ⊆U1; w1; w2 ∈F , then there exist posi-
tive integers n1; n2 such that v
n1
1 a1w1 = v
n2
2 a1w2. Since U1a1 is a pre0x code, we have
vn11 a1 = v
n2
2 a1; w1 =w2 and hence v
+
1 = v
+
2 from the fact that v
+
1 ∩ v+2 = ∅ iJ v+1 = v+2 .
Thus v+1 a1w1 = v
+
2 a1w2.
(iii) If ua1ujv+j wj ∩ v+a1w = ∅, where u∈U1; v∈ I ⊆U1; w∈F; j∈ J , then there exist
positive integers n1; n2 such that ua1ujv
n1
j wj = v
n2a1w. Since U1a1 is a pre0x code, we
have ua1 = vn2a1; ujv
n1
j wj =w. This yields a contradiction to the fact that ujv
+
j wj ∩F = ∅
for j∈ J .
(iv) If ua1ujv+j wj ∩ a1F = ∅, where u∈U1; j∈ J , then there exists a positive integer
n and a word w in F such that ua1ujvnj wj = a1w. Since U1a1 is a pre0x code, we have
ua1 = a1; ujvnj wj =w. This also yields a contradiction to the fact that ujv
+
j wj ∩F = ∅ for
j∈ J .
(v) If v+1 a1w1 ∩ a1F = ∅, where v1 ∈ I ⊆U1; w1 ∈F , then there exists a positive integer
n and a word w in F such that vn1 a1w1 = a1w. Since U1a1 is a pre0x code, we have
vn1 a1 = a1; w1 =w. This yields a contradiction to the fact that n is a positive integer.
Consequently, the above decomposition of L is disjoint, and hence L is regular
component splittable.
Lemma 2.5 (Shyr and Yu [4, Remark 1.1]). If L is a language admitting a disjoint
decomposition
L = L1 ∪ L2 ∪ · · · ∪ Lk
and
Li = Ui1ai1Ui2ai2 · · ·Uisi−1aisi−1Uisi (16 i 6 k)
such that Ui1 ; Ui2 ; : : : Uisi are free submonoids of A
∗ and
Ui1ai1Ui2ai2 · · ·Uit ait (16 t 6 si−1)
are pre8x codes, then L is regular component splittable.
Lemma 2.6 (Shyr [3, Chapter 2]). P is a pre8x code i< its reverse P˜ is a su?x code.
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Proposition 2.7. U is a free submonoid of A∗ iJ its reverse U˜ is a free submonoid of
A∗.
Proof. C is a generating code of U iJ C˜ is a generating code of U˜ .
By the above three conclusions, we have the following theorem.
Theorem 2.8. If L is a language admitting a disjoint decomposition
L = L1 ∪ L2 ∪ · · · ∪ Lk
and
Li = Uisi aisi−1Uisi−1 · · · a1U1 (16 i 6 k)
such that Ui1 ; Ui2 ; : : : ; Uisi are free submonoids of A
∗; ai1 ; ai2 ; : : : ; aisi−1 are letters, and
aitUit · · · ai1Ui1 (16 t 6 si − 1)
are su?x codes, then L is regular component splittable.
Lemma 2.9 (Eilenberg [2, Proposition 4.2, Chapter 4]). Every regular language L over
A admits a disjoint decomposition
L = L1 ∪ L2 ∪ · · · ∪ Lk ;
where
Li = Ui1ai1Ui2ai2 · · ·Uisi−1aisi−1Uisi (16 i 6 k);
in which Ui1 ; Ui2 ; : : : ; Uisi are regular right unitary submonoids of A
∗; ai1 ; ai2 ; : : : ; aisi−1
are letters, and each of the sets
Ui1ai1Ui2ai2 · · ·Uit ait (16 t 6 si − 1)
is a pre8x code.
Lemma 2.10 (Eilenberg [2, Proposition 3.1, Chapter 4]). Every right unitary submonoid
of A∗ is a free submonoid of A∗.
Theorem 2.11 (The Shyr–Yu’s Conjecture). Every regular language is regular com-
ponent splittable.
Proof. If L is a regular language then by Lemma 2.9 L has a disjoint decomposition
L = L1 ∪ L2 ∪ · · · ∪ Lk ;
where
Li = Ui1ai1Ui2ai2 · · ·Uisi−1aisi−1Uisi (16 i 6 k);
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in which Ui1 ; Ui2 ; : : : ; Uisi are regular right unitary submonoids of A
∗; ai1 ; ai2 ; : : : ; aisi−1
are letters, and each of the sets
Ui1ai1Ui2ai2 · · ·Uit ait (16 t 6 si − 1)
is a pre0x code. Since Ui1 ; Ui2 ; : : : ; Uisi are right unitary submonoids of A
∗, it follows
that they are free submonoids of A∗ by Lemma 2.10. Consequently, by Lemma 2.5, L
is regular component splittable.
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